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Objective of the course

The (SAT ?) problem

Soit ¢ une formule booléenne sous forme normale conjonctive et
(x1, X2 , ..., Xp) ses variables. Existe-il une maniére d'affecter
VRAI ou FAUX aux variables de sorte que ¢ soit vrai ?

The Cook-Levin theorem
(SAT 7) is NP-Complete.
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Belonging to NP

(SAT ?) € NP

Because there exists a non deterministic Turing machine that solve
(SAT 7) in polynomial time.
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NP-Hardness

(SAT 7) is NP-Hard.

To prove this lemma, we will show that 1 € NP, T < (SAT?).
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Simulate a Turing machine with (SAT 7)

Let I € NP, there exists a polynomial p and a non-deterministic
Turing machine M solving I with complexity O(p(n)).
We will simulate M with a boolean formula ¢ of polynomial size
such that M stops on an accepting state if and only if ¢ can be
satisfied.
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Simulate a Turing machine with (SAT 7)
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Simulate a Turing machine with (SAT 7)

Tisk: true iff the symbol s is written on the cell / at step k
H; k: true iff the head reads the cell i at step k.

T _100= T-110="T_1Bo=T

T 000="T 010="T oBo=T
=T 100="T 110= T 1Bo=T
=T 200= T 210="T 2Bgo=T
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Simulate a Turing machine with (SAT 7)

Tisk: true iff the symbol s is written on the cell / at step k
H; k: true iff the head reads the cell i at step k.

T _100= T-110="T_1Bo=T

T 000="T 010="T oBo=T
=T 100="T 110= T 1Bo=T
=T 200= T 210="T 2Bgo=T

“H_10= Hoo=T
-

-H 10=-H 20 =
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Simulate a Turing machine with (SAT 7)

Tisk: true iff the symbol s is written on the cell / at step k
H; k: true iff the head reads the cell i at step k.

T _101= T-111=—-T_1p1=T —-H_11=—-Ho1=T
T o0o1="To011=-Tog1=T Hi1=-H21=T

Ti1g1=T

=T 201= T o11="T o1 =T

=T 111

=T 101
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Simulate a Turing machine with (SAT 7)

Tisk: true iff the symbol s is written on the cell / at step k
H; k: true iff the head reads the cell i at step k.

T _100= To112="T_1Bp=T —H_10=-H g2=T
T 002="T 012=-T ogB2=T Hip=-H =T

=T 1020="T 112= T 1B2=T

=T 200= T 2120="T 2go=T
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Simulate a Turing machine with (SAT 7)

Tisk: true iff the symbol s is written on the cell / at step k
H; k: true iff the head reads the cell i at step k.

T _103= T-113=—-T_1B3=T

T 003="T 013=-T ogB3=T
=T 103=—-T 113= T 1B3=T
—T 203= T 213==T 2p3=T

“H_13= Ho3=T
-

-H 13=-H 23=
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Simulate a Turing machine with (SAT 7)

Tisk: true iff the symbol s is written on the cell / at step k
H; k: true iff the head reads the cell i at step k.

T 104= T-114=—T_1Ba=T —-H_14= Hoas=T

T 004a= T o14a="T oga=T —-Hi1a=-Hos=T
T 104="T 114= T 1Ba=T
=T 204 T 214=~-T 2ga=T
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Simulate a Turing machine with (SAT 7)

Tisk: true iff the symbol s is written on the cell / at step k
H; k: true iff the head reads the cell i at step k.

T _105= T-115=—-T_1Bs=T —-H_15= Hos=T
-

=T oo5="T 015= T ops=T —-Hi15=-H 5=
T 105=-T 115= T 15=T
T 205= T o15=-T ops=T
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Simulate a Turing machine with (SAT 7)

110/B,0 1|0/B,0
Rq k: true iff the state register points to the state g at step k.

R370 = ﬁRb70 = ﬁRQO = ﬁRd’O — —|—
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Simulate a Turing machine with (SAT 7)

110/B,0 1|0/B,0
Rq k: true iff the state register points to the state g at step k.

“Ra1= Rpi=-Rc1=-Rg1=T
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Simulate a Turing machine with (SAT 7)

110/B,0 1|0/B,0
Rq k: true iff the state register points to the state g at step k.

“Rap2="Rpop="Rco= Rgo=T
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If the machine computes during p(n) steps, it uses at most p(n)
cells of the tape.

b Ti,S,k e [_p(n)7p(n)]7s €= {07 17 B}v k € [07 p(n)]
o Hiy:ie[—p(n),p(n)],k e [0,p(n)]
® Ryx:qe V., kel0,p(n)
The number of variables is polynomial in n (the size of V' depends
only on I, not on n.)
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Clauses: variables exclusion

P = Pexcl N\

Pexcl =

p(n) p(n)
/\ /\ /\ /\ Tisk="Tis

i=—p(n) s€x s’ex k=0
s#s’

p(n)
A /\ /\ /\ Rq,k = ﬁRq/,k

geV g'cV k=0
q#q

p(n)  p(n) p(n)

A /\ /\ /\H,k:>—|H/k

i=—p(n) i'=—p(n) k=0
i’
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Clauses: variables initialisation

P = Pexcl N\ Pinit N\ -+

If the input is x where |x| = n and where x; is the i + 1-th symbol
of x if i € [0,n — 1] and 0 otherwise. If the input state is g.

PLinit =
p(n)
/\ Tin.0
i=—p(n
/\Rq’o
AHo,0
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Clauses: stop on an accepting state

© = Pexcl N\ Pinit N\ Paccept N+ +

Fy : Set of accepting states

p(n)

Paccept = \/ \/ R, N

geFy i=0
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Clauses: on the cell pointed to by the head may change

© = Pexcl N Pinit \ Paccept )\ Ptape N -+ -

p(n)—

Ptape = /\ /\ /\ Tisk N=Hik= Tisk+1
i=—p(n) s€X k=0
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Clauses: transitions

© = Pexcl N\ Pinit \ Paccept /\ Ptape \ Ptrans

r(qg,q’) : reading symbol of (q,q’).

p(n) (n)

Drans = A ANNA

i=—p(n) s€X qeV k=0

T

Rak NHik NTisk =\ qqiks A Ry kit
(q,9')€A
r(q,q")=s

©q.q'.i.k,s depends on the action of (g, q’).
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Clause: writing transition

If the action of (g, q’) consists in writing s’ on the current cell.

Ca,q.iks = Tis k+1 N Hi g1
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Clause: moving transition

If the action of (g, q’) consists in moving the head

to the right:g o7 ks = Tis k1 N Hit1 k41

to the left:pg ¢ i ks = Tishkr1 A Hic1ks1
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Clause: transition with no effect

If the action of (g, g’) consists in doing nothing.

Ca.q.iks = Tisk+1 N Hikg1
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