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Examples

The Maximum independant set problem

How many unconflicted people can we put in the crew?
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Examples

The Maximum independant set problem

How many unconflicted people can we put in the crew? 64

possibilities
Ko | Z|N|U| Ka| S| Valid? | Weight
X | X | x| x X | x N —
X | X | x| x X N —
X | x| x| x X N —
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Examples

The Maximum independant set problem

64 possibilities in decreasing size order

Ko|Z|N|U| Ka| S| Valid? | Weight
X | X | x| x X | X N —
X | X | x| x X N —
X | X | x| x X N —
X | X | X x | x N —
X | X X X | x N —
X X | X X | x N —
X | X | % X | x N —
X | X | X X \% 4

Optimal solution :  Z, N, U, Ka
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Examples

Tree representation : bound

If a solution contains Ko, what maximum value can we obtain?
3, because Ko removes Z, N and S.
It would be useless to explore that case if we already know a
solution with value 3 or more.
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Examples

Tree representation : bound

If a solution contains Ko and Z, what maximum value can we
obtain?
4, because Z removes S, and Ko removes Ko.
It would be useless to explore that case if we already know a
solution with value 4 or more.
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Examples

Left depth first search

Exploration order
Best value : 4
‘s ‘s

30 4 @ Dashed : non feasible
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Examples

Left depth first search

Exploration order 302403
Best value : 4

’ ’

2 G) 4 @ Dashed : non feasible
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Examples

Maximum weighted selection problem

Each edge costs -1, each node is rewarded with its value, which
nodes maximize the total value?
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Examples

Maximum weighted selection problem

Each edge costs -1, each node is rewarded with its value, which

nodes maximize the total value? 64 possibilities
Ko | Z|N|U| Ka|S | Weight

X X | X | % X X 3.5
X X | X | X X 3.5
X X | X | % X 6.5
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Examples

Tree representation : bound

If a solution contains Ko, what maximum value can we obtain?
8.5, indeed:

Ko is rewarded with 1.5

Z is rewarded with at most 2 instead of 3
N is rewarded with at most 1 instead of 2
U is rewarded with at most 2

Ka is rewarded with at most 0

S is rewarded with at most 2 instead of 3

It would be useless to explore that case if we already know a
solution with value 8.5 or more.
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Examples

Best first search
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Examples

Best first search

8.5

75 () 6.5 9(3) 7

8(6)( )7
Exploration order

508
Beware of backward expora- 8 )
O

tions. The 5th node is Ko. 7
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Examples

Other examples

On board
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Generalization

Principle

Definition
Branch and bound is a method for solving problems, it is not an
algorithm but a way to build an algorithm.

In order to solve a problem with branch and bound, we need
@ divide the problem into subproblems (usually we fix a variable);
@ decide how to explore the subproblems tree;

@ a way to bound the optimal solution of each subproblem.
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Generalization

Dividing into subproblems

Dividing into subproblems

Let N be an optimization problem for which the set of feasible
solutions is £(IM). We say the function S(IM) divide I into
subproblems if it returns a set of optimization problems

(I_I17 I_I27 ce. np) SUCh that
p
U = &()

(Example on board)
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Generalization

Bound a subproblem optimal solution

Bound a subproblem optimal solution

Let I be a minimization problem. Let w(s) be the value of a
feasible solution s of £(IT). Finally, let s* be an optimal solution of
M (minimizing w(s*)).

A bound B(IM) is a number that can be computed fast satisfying

B(M) < w(s*)

Note : if [1is a maximization problem,
B(MN) > w(s")

(Example on board)
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Generalization

Explore the subproblem trees

Explore a node

Exploring a node 1 of the tree means compute S(I) and B() for
all = € S(I).
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Generalization

Explore the subproblem trees

Depth first search exploration

We iterate through the tree with a depth first search algorithm: we
always explore the deepest leftmost unexplored node. This method
quickly find feasible solutions.

Best first exploration

We always explore the unexplored node with the best bound (the
lowest for a minimization problem, the highest otherwise). This
method firslty find a close-optimal solution with great probability.

Other method exists, of course.
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Generalization

Link with dynamic programming
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Generalization

Depth first search exploration algorithm

Algorithm 1 BB(I, uB), Default uB = co
Require: a minimization problem [1, and a real uB > w(s*)
Ensure: The weight w(s*) of an optimal solution s* of
L. if T1 cannot be separated then return The weight w(s*) of an
optimal solution s* of I

2: Explore I

3: for Mj € S(M) such that £(M;) # 0 do
b« B(I;)

5 if /b < ub then

6: w < BB(Mj, ub)
7
8

s

ub < min(ub, w)
: return uB
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Generalization

Best first exploration algorithm

Algorithm 2 BB(IN)

Require: a minimization problem T1

Ensure: The weight w(s*) of an optimal solution s* of I
1. L« [MN]; uB + +o0
2: while L # () do

3: T < arg TET(B(W)) ; Remove 7 from L

4: if B(m) > ub then

5: Break

6: if ™ cannot be separated then

7: ub = min(ub, Weight w(s*) of an opt sol s* of )
8: else

9: Explore I

10: Add all elements of S(IM) to L

11: return uB
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