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Problems MIDA

Minimum Intersecting Disks Area

Let p1, po, ..., pn, q be points in 2D space, build for each point p; a
disk D; centered at p; such that

Vi<n,D,-ﬁD,-+17é(Z)

q € Dy

and such that the sum of the areas of the disks is minimum.
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Modelization : MIDA

Let dj; the distance between p; and p; ; d, the distance between p,
and q.

n
min g r?
i=1

s.c. ri+ riy1 > d; V1i<i<n
rn > dn

(=>0) V1i<i<n

If ris a solution with r; < 0 we can safely replace r; by —r; and get
a solution with the same objective value.
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Karush-Kuhn-Tucker conditions

Let f,gi, hj : R" = R,V i € [1,m],V j € [1;p] of class C*.
We want to solve

min f(x)
s.c. gi(x) <0 Vie[l;m]
h(x) = 0 vjelLp]

We write S the set of feasible solutions.

Karush-Kuhn-Tucker conditions
x € S satisfies the Karush-Kuhn-Tucker conditions (KKT) if:
EI)\->0uj€R Viel[l,m],je[lp]

+Z>\ Vgi(x +Zujw
/\,'-g,'(X):O Vie[[l;m]]
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Reminder : qualification

Let x € S. We write the saturated constraints

I(x) = {i € [1; m]|gi(x) = 0}

Linear independance qualification

x satisfies the linear independance qualification if the vectors
(Vgi(x),i € I(x*) U (Vhj(x),j € [1; p]) are linearly independant.

Remark: there exists a more general definition of qualification, but
we will not use it.
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Reminder : necessary and sufficient optimality conditions

(KKT) necessary conditions

If x* € S is a local minimum of f and if x* is qualified then x*
satisfies (KKT).

€

(KKT) sufficient conditions

If x* satisfies (KKT), if the functions f et g; are convex and if the
functions h; are linear, then x* is a global minimum.

.
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Qualification for MIDA

MIDA : Every point satisfies the linear independance qualification.

= Every global optimum satisfies (KKT).
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Projected gradient algorithm

Projected gradient algorithm

We want to solve

min f(x)
s.c. gi(x) <0 V1i<i<m
0

where g; and h; are linear and every point satisfies the linear
independance qualification.

Informal presentation of the algorithm

The projected gradient algorithm is a gradient descent that does

not go out of S. To do so, when we touch the boundary of S, we
do not follow the gradient but a projection of the gradient on the
boundary.

It stops when the (KKT) conditions are satisfied.
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Projected gradient algorithm

Arrows are the gradient. The poly-
gon is S.
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Projected gradient algorithm

Projected gradient : overall idea

?\

The objective function is (x; — c1)? +
S~— (x2 — c2)? : get as close as possible
TS— to M= (c1, ).
~_ s s
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Projected gradient algorithm

Projected gradient : overall idea

Step 1 : find a feasible solution x.
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 2 : watch the opposite of the
gradient —Vf(x).
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 3 : we can follow that direc-
tion, go to the minimum but do not
go out of S. Then start again.
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 2 : watch the opposite of the
gradient —Vf(x).
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 3 : it is not possible to follow
that direction without going out
of S. We project —Vf(x) on the
boundary of S.
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 4 : go to the minimum in that
direction, but do not go out of S.
And start again.
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 2 : watch the opposite of the
gradient —Vf(x).
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 3 : it is not possible to follow
that direction without going out
of S. We project —Vf(x) on the
boundary of S.
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 4 : We need to project on 2
non-colinear borders = which border
do we choose 7
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 4 : Project on the border for
which the projection goes toward a
lower value of the objective.
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 5 : go to the minimum in that
direction, but do not go out of S.
And start again.
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 2 : watch the opposite of the
gradient —Vf(x).
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Projected gradient algorithm

Projected gradient : overall idea

Y

Step 3 : The gradient is orthogonal
to the boundary, we stop.
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Projected gradient algorithm

Drawing — formulas.

We remind that g; and h; are linear:

n
gi(x) =Y (awxk) — b <0 Vi € [1;m]
k=1
n
/ / . i
hj(x) = Z(ajkxk) —b;=0Vje[1p]
k=1
We write
ai1 412 - din by
an ax -+ a by
dml dm2 *°° dmn bm
A = / / / B = ,
i1 d12 A1, 1
ay ap &, b
a;l 3172 . a/pn b;,
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Projected gradient algorithm

Drawing — formulas.

If L; is the i-th line of A, then

L = 'V(gi(x)) Vi € [1; m]
Liym = "V(hj(x)) vj € [1; pl
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Projected gradient algorithm

Detect if we are on the boundary

x touches the hyperplanes with equations hj(x) = 0 and g;(x) = 0.

We write
I(x) = {ilgi(x) = 0}
J = {lhi(x) = 0} = [L; p]
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Projected gradient algorithm

Project the gradient on the boundary

Let A, = {L;,i € I(x)UJ}.

The projected gradient d is

d = Projection of (—Vf(x)) on {y|L;-y =0Vie l(x)UJ}
= (I —'As - (As - TA) L A) - (= VF(X))
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Projected gradient algorithm

As - YA is always invertible due to the linear independance
qualification. J
If I(x) =J =0 then, As = 0. In that case, d = (—Vf(x)). J
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Projected gradient algorithm

Translation in the direction d

We write
a1 =m +a-deS
1 0<ao>¢((x )

ap = arg 0<rgi<no[1(f(x +a-d))

If d # 0 then a1, ap # 0.
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Projected gradient algorithm

o~

P

Cased =0

If d = 0, then, there exists \;, for i € I(X) and y; for j € J such

that —Vf(x) = Z Do thg == 50 g e s
iel(x jed

.

(3) = A ta 4 (-0
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Projected gradient algorithm

Cased =0

If, for every i € I(x), A\; > 0 then, the (KKT) conditions are
satisfied.

If there exists A; < 0, then we can remove i from /(x). We
compute again the projection d’ like we did at slide 14.

o d #£0
e Vgi(x)-d' <0
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Projected gradient algorithm

The projected gradient algorithm

1: Findxe S

2: I(x) < {i € [1; m]|gi(x) = 0}
3: loop

4 Ay {Liiel(x)UJ}

5: d <+ (I, —"As - (As - FAS) L Ag) - (= VF(x))
6: if d =0 then

7: F(O\ )  (As - TA) A, - (— V(X))

8: If 3i € I(x),\; <0, Remove i from /(x)
9: Else return x

10: else

11 a1<—r(;1<a;<(x+a-d€5)

12: Qo eargogrgg]al(f(x—q—a. d))

13: X+ x+ax-d

14: I(x) < {i € [1, m]|gi(x) = 0}
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Projected gradient algorithm

Example

We consider the following MIDA instance

P = {p1, p2, p3} = {[0,0],[0,5],[5,5]} and g = [5, 10].
We start from the solution r = (ry, r2, r3) = (5,0,5).

9
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Projected gradient algorithm

Example

The formulation of the problem is

min r12 + r22 + r32
s.cC. —-n—n<-5 (&1)
—rn—-—r<-5 (&2)
- < -5 (&3)
-1 -1 0 -5
A= 0o -1 -1 =1 -5
0 0o -1 -5
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Projected gradient algorithm

Example : Iteration 1

If r=(5,0,5) then /(r) ={1,2,3}.

—1 -1

As = 1
210
As-TA =1 2 1
011
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Projected gradient algorithm

Example : Iteration 1

'VE(r) = (2n,2r,2r3) = (10,0, 10)

d— (In_tAs_(AS.tAS)—l.AS).(—Vf(r)) =

o O O
o O O

0
0 |-(=VF(r)) =0
0

Other method : we compute the projection of —Vf(r) on

L={y|Li-y=0;La-y=0;L3-y =0}
={yl-v1—=0 -y —y3=0,—-y3 =0}
={y =0}

The projection is then necessarily d = 0.
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Projected gradient algorithm

Example : Iteration 1

-1 -1 0\ L
0 0 -1/ L3

\ A1 10
< ) = [ X2 ] =(As-TA) - As - (=VF(r)) = | —10
s A3 20

Other method :

~10 ~1 0 0
V()= 0 | =ALitAalatrsls=10[-1]|-10(-1]+20( 0
~10 0 -1 -1

Ao < 0= I(r) « I(N\{2} = {1,3}
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Projected gradient algorithm

Example : Iteration 1.2

I(r) = {1,3}.
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Projected gradient algorithm

Example : Iteration 1.2

'VF(r) = (2n,2r,2r) = (10,0, 10)

05 -05 0 -10 -5
d = (I»—"As-(As-tAs) THAg)- (= V1 (r)) = (—0.5 0.5 0) ( 0 ) = ( 5 )
0 0 0 —-10 0

Other method : we compute the projection of —Vf(r) on
L={ylLi-y=0;L3-y =0}
={yl-y1—y2=0;-y; =0}
={ylynn = —y2iy3 =0}
The projection is then necessarily d = - (1, —1,0) knowing that

—Vf(r)-d=d*= -108=2-5°= 5= -5
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Projected gradient algorithm

Example : Iteration 1, end

alzr&agf(r—ka-dES)

5—-5.«
:m<ax( 0+5-a]€l)
0=« 540 -«

5-5-a+0+5-a>5

=max|0+5-a+5+0-aa>5
<«

540-a>5
5>5
=max|[5+5-aa>5
0= 5>5
:+OO

6
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Projected gradient algorithm

Example : Iteration 1, end

ap = arg0<r2i<na1(f(r +a-d))

5—-5.-«
= argmin(f((0+5-a )
= 540«

:arg5n<i2((5—5~oz)2+(0+5'a)2+(5+0‘a)2)

= arg 5n<ig(50 — 25ar + 500%)

1

2
2.5
We move to r + %d =125
5
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Projected gradient algorithm

Example : lteration 2

If r=(2.5,2.5,5) then I(r) = {1, 3}.
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Projected gradient algorithm

Example : lteration 2

'Vf(r) = (2n,2r,2r3) = (5,5, 10)

05 —05 0 -5 0
d = (I—"As:(AstAs) 1 As)-(=VF(r)) = (—0.5 0.5 o>-(—5> = (o)
0 0 0/ \-10 0

Other method : we compute the projection of —Vf(r) on
L={ylLi-y=0;L3-y =0}
={yl-y1—y2=0;-y; =0}
={ylnn = —y2i1y3 =0}
The projection is then necessarily d = - (1, —1,0) knowing that

—Vf(r)-d=d*>=0=2-8°=5=0

9
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Projected gradient algorithm

Example : lteration 2

Other method :

-5 -1 0
—Vf(f): -5 =ML +Xl3=5|-1] +10 0
—10 0 -1

A1, A3 > 0 = (KKT) satisfied. We return r* = (2.5,2.5,5) with
f(r*) = 31.25.

Moreover, f is convex and the g; are convex thus linear,
consequently, the sufficient conditions of (KKT) show that r* is a
global minimum.
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Reduced gradient algorithm

Reduced gradient algorithm

We want to solve

min f(x)
s.c. h;
x; >0 V1<i<n

where h; are linear and p < n.

Informal presentation of the algorithm

The reduced gradient algorithm is a gradient descent that does not
go out of S. Because of the equalities, we can rewrite some of the
variables xg with the rest of the variables xy. We then reduce f(x)
and Vf(x) to f(xy) and Vf(xy)

It stops when the (KKT) conditions are satisfied.
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Reduced gradient algorithm

Reminder

Augmented form

Let (P) be the following program

min f(x)
s.c. gi(x) <0 V1i<i<m
hj(X) 0

then, there exists a program (P’) equivalent to (P) with the
following form

min f(x)
s.c. hi(x) =0 V1i<j<p
x; >0 Vi<i<n
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Reduced gradient algorithm

Reminder : tricks

If gi(x) < 0 then add a slack variable s; > 0 and set
h;(X) = g,'(X) +s; = 0. J

If x; € R then remplace x; by two variables XI~+ >0and x; >0 and
set x; = X: + x; .

If gi(x) = —x; < 0 then do nothing. |

If gi(x) = x; < 0 then replace x; by —x;. J
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Reduced gradient algorithm

Reminder : slack variable and drawing

We assume b >0
X2
A

(a1, a2)

b/aye

aixy+ axxp < b
aix1+axxo+s=»>b

0 b]él
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Reduced gradient algorithm

No drawing

We remind that h; are linear:

n

hi(x) = > (ajxe) — by = 0 V) € [1;p]
k=1

We write

a1 a2 -+ din b1
a1 ax» -+ axp by

A= b= .
apl ap2 apn bp

We assume that rg(A) = p.
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Reduced gradient algorithm
Basis and non basis

Let B C [1; n] of size p and N = [1; n]\B.

We write

Ag = the columns of A for which the index is in B.

Apn = the columns of A for which the index is in N.

xg = the variables of x for which the index is in B.

xp = the variables of x for which the index is in N.

Vg = the coefficients of Vf(x) for which the index is in B.
Vin = the coefficients of V£(x) for which the index is in N.

We can rewrite A, x and Vf(x) this way:

ot e (3) w0 5

N

6
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Reduced gradient algorithm

Reduction, reduced gradient

If Ag is invertible, it is possible to rewrite f(x) with only xy with

xg = Ag' - b—Agt - Ay - xn

Let f : R™P — R such that f(xy) = f(xg, xn)-

The reduced gradient is the gradient of f.

t =

V(xn) = —'Vfg- Ag - Ay + 'Viy
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Reduced gradient algorithm

Direction to follow

Given Vf(xy), we define the direction d, divided in two parts, dp
and dy, this way

0 if VF(xn); > 0and xj =0

VjeN,d = _
! ! {—Vf(xN)j otherwise

dg = —Ag' - Ay - dy

Foralla € R, A-(x+a-d)=b.
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Reduced gradient algorithm

Cased =0

If d = 0 then, the (KKT) conditions are satisfied.
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Reduced gradient algorithm

Translation in the direction d # 0

As in the case of the projected gradient, we write
a1 = max(alx +a-d > 0)
0<a

ap = arg 0<r2i<nm(f(x +a-d))

We move to
y=x+ay-d

a1 may possibly be nul.
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Reduced gradient algorithm

Change of basis

If there exists s € B such that y; = 0 ; and if we keep the basis for
the next iteration, then the next value of ar; may be 0 — we are
stuck.

Non-degeneration hypothesis

The hypothesis assumes that, whatever the basis B is, if Ag is
invertible, then Agl -b > 0.

.

If there exists s € B such that ys = 0, then, under the
non-degeneration hypothesis, there exists r € N such that y, # 0
and ABU{r}\{s} is invertible.
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Reduced gradient algorithm

The reduced gradient algorithm

1: Find x € S and B such that Ag is invertible

2: loop

30 V() « —Vig - Agl- Ay + 'V

4: for j € N do

5: If VF(xn); > 0 and x; = 0 then d; < 0 else d; < —Vf(xn);
6:  ds « —AgtAndy

7: If d = 0 then return x

8 a1<—max(><—|—a-d>0)

9: a2<—arg m|n (f(x—|—a d))

10: X < X+ az d
11: if 3s such that x; = 0 then

12: for r € N by decreasing order of x, do
13: if Agu{ry\{s} is invertible then

14: B+ BU{r}\{s}

15: Restart the loop
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Reduced gradient algorithm

Example

We consider the following MIDA instance

P ={p1,p2,p3} = {[0,0],[0,5], [5,5]} and g = [5,10].
We start from the solution r = (r1, 2, r3) = (5, 0, 10).
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Reduced gradient algorithm

Example

The formulation of the problem is

min 22l
s.c. —-n—rn+s=-5 (h1)
—rn—rn+s=-5 (hz)
—r3+s3= -5 (hs)
-1 -1 0 1 0 O -5
A= 0 -1 -1 01 0) B=1|-5
0 0 -1 0 01 -5

‘Vf(x) = (2r1,2r2,2r3,0,0,0)
r=(5,0,10) = x = (5,0, 10,0,5,5)
We start from the basis B = (1,3,6) et N = (2,4,5).
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Reduced gradient algorithm

Example : Iteration 1

-1 0 0 -1 10
Ag=10 -10 Av=|[-1 01
0 -1 1 0 00
xg = (5,10,5) xy = (0,0,5)
Vg = (10,20,0) tVfy = (0,0,0)
-1 0 0
Agt=(0 -10
0 -1 1
"Vixn) = — Vg - Agl- Ay + TV 1y
= (—30, 10, 20)
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Reduced gradient algorithm

Example : Iteration 1

Other method: rewrite f as a function of
xy = (r2, s1,5) = (0,0,5)

fF(xX)=r+r3+r2
fon)=GB+s1 —n)? 4+ +(5+s5—n)?
= 3r22 + 512 + 522 —2msy — 2msy — 20 + 10s; + 10sp + 50

_ 6r2 — 251 — 252 —20 —-30 r
V(f)(XN) = 251 — 2 + 10 = 10 S1
2sp — 2 + 10 20 /) s

40
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Reduced gradient algorithm

Example : Iteration 1

30 \ « V(f)(XN)rz <0,n=0
dy = 0 — V()F)(XN)Sl >0,51=0
—20/ < V(f)(xn)s, > 0,5 #0

—-30

dg + —Ag'Andy = [ —50

—50
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Reduced gradient algorithm

Example : Iteration 1

= .d >
o1 r&aé(x+a d > 0)

5—-30-a>0
0+30-a>0
 max 10-50-a>0
0<a | 0+0- >0
5—-20-a>0
5—-50-a>0

=0.1
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Reduced gradient algorithm

Example : Iteration 1

ar = arg0<mi<n (f(r+a-d))
Sasoq
=arg _min ((5-30- @)®+ (0430-a)® + (10 — 50 - @)?)
=arg min (125 — 1300a + 43000°)

0<a<0.1
=0.1

We move to x +0.1d =

O WO o1 WwiN

49
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Reduced gradient algorithm

Example : Change of basis

s3 = 0, however s3 € B then: change of basis.
r :3751 :0,52 =3
We try B = B — {s3} + {r2} = (1,2,3)

-1 -1 0
Agr=| 0 —1 -1 isinvertible.
0O 0 -1

Thus we replace B by B'.
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Reduced gradient algorithm

Example : lteration 2

1 -1 0 100
Ag=10 -1 -1 Av=1[0 1 0
0 0 -1 001
xg = (2,3,5) xy = (0,3,0)
'Vfg = (4,6,10) tVfy = (0,0,0)
-1 1 -1
-1
Agl=10 -1 1
0 0 -1
"Vixn) = — Vg - Agl- Ay + TV 1y
= (4,2,8)
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Reduced gradient algorithm

Example : lteration 2

Other method: rewrite f as a function of
xn = (s1,%2,53) = (0,3,0)

f(X)=r2+r3+r2

Bt+si—n)P+(B+s2—nr)?+((5+s)?
=6B+s1—B+2—n)2+(GE+s2— 1)+ (5+s)
=54+s51-5+5—5+53)))2+ 5+~ (5+s53))°+(5+s3)

fixn) = (5451 — 52+ 53)° + (52 — 83)° + (5 + 53)°
= 52 4252 4 352 — 2515 + 25153 — 45p53 4 1053 — 108, + 2053 + 50

B 251 + —2sp + 253 + 10 4\ s1
V(f)(XN) = |45+ 251 —4s3—10 | =12 ]| s
6s3 + 251 — 4sp + 20 8/ s3
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Reduced gradient algorithm

Example : lteration 2

0\ « V(f)(xn)s, > 0,51 =0
dN = | -2« V()i)(XN)S2 > 0,52 7'é 0
0/ « V(f)(X/\/)s3 > 0,53 =0

2

dg «+ —AgtAndy = | —2

0
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Reduced gradient algorithm

Example : lteration 2

= .d>
a rg;ag(x—ka >0)

24+2.-a>0
3—-2-a>0
— max 540-aa>0
0<a |04+0->0
3—2-a>0
0+0-a>0

=15
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Reduced gradient algorithm

Example : lteration 2

ap = argogrggal(f(r +a-d))
pr— 1 . 2 —_ . 2 . 2
=arg ogrglgnls(@ +2-a)*+(3-2-a)*+(5+0-a))

=arg min (38— 4a + 8a?)

0<a<l5
=0.25
2.5
2.5
5
We move to x + 0.25d = 0
25
0
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Reduced gradient algorithm

Example : lteration 2; Change of basis

No j € B such that x; = 0, then no change of basis.
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Reduced gradient algorithm

Example : lteration 3

-1 -1 0 100
Ag=|0 -1 -1 Av=|(0 1 0
0 0 -1 001
xg = (2.5,2.5,5) xn = (0,2.5,0)
'Vfg = (5,5,10) 'Vfy = (0,0,0)
-1 1 -1
Agt=(0 -1 1
0 0 -1
"V(xn) = — Vg Agt- Ay + TV Ay
= (5,0,10)
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Reduced gradient algorithm

Example : lteration 3

Other method: rewrite f as a function of
XN = (51, S2, 53) = (0, 2.5, O)

f(X)=r2+r3+r2
=(B+s1—n)P+B+s—n)?+(5+s)
=6B+s1—GB+2—n)2+(6E+s2— 1)+ (5+s)
=654+s51-5+5—5+53)))2+ 5+~ (5+s53))°+(5+s3)
fxn) = (5451 — 52+ 53)° + (52 — 83)° + (5 + 53)°
= 52 4 252 4 352 — 2515 + 25153 — 45p53 4 105, — 108, + 2053 + 50

B 2s1 + —2sp + 253 + 10 5\ s1
V(f)(XN) = |4, + 251 —4s53—10) =1 0 | s
6s3 + 251 — 4sp + 20 10/ s3
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Reduced gradient algorithm

Example : lteration 3

0\ + V(f)(xn)s, > 0,51 =0
d/\/ = 0]« V(li)(XN)SZ = 0,52 75 0
0/ «+ V(f)(XN)S3 >0,53=0

0

dg + —Ag'Andy = [ 0

0

d =0 = (KKT) satisfied. We return x* = (2.5,2.5,5,0,2.5,0)
with f(x*) = 31.25.

Moreover, f is convex, the g; (the positivity constraints) are convex
thus linear and the h; are linear, consequently, the sufficient
conditions of (KKT) show that x* is a global minimum.
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