Tutorial 6 : Projected Gradient algorithm

Operations research, 3rd semester.

2024

Exercice 1 — A simple example.

Let (P) be the following problem :
1+ 229 >1

—Z1 + X2 S 0
: 2 2
min f(x) = x7 + 425 s.c.
zGR?f() 1+ 4x3 21> 0
xT9 Z 0
1. Draw the graphical representation of the problem.

2. Check that every feasible solution x of (P) (i.e. satisfying the constraints) satisfies the linear
independance qualification. Deduce that only the optimale solutions satisfies the Karush
Kuhn Tucker conditions.

3. Apply the algorithm from Py = (i) (3 iterations).

4. Check that the point satisfies the Karush Khun-Tucker conditions.

» Correction
We rewrite the problem in the correct form :
—Xr1 — 23;‘2 S -1 ( )
—r1+22<0 (2
min f(z) = 2% 4+ 422 s.c.
IERZf() 1 2 —:C1§0 ()
—X9 S 0 (4)
1. The equation of an ellipse with semi-major axes a and b centered at the origin is x2/a? +
y? /b = 1.
Thus, 27 + 423 = R is the equation of an ellipse such that :

YE 4

Therefore, a = 2b = VR.

We then plot ellipses around the origin that get progressively smaller with a = 2b until we
exit the set of feasible solutions; the point at which we exit indicates the optimal solution.



-1 -2

. .. -1 1

. The coefficients matrix is As = | 10
0 -1

We can see in the drawing that, among all the feasible solutions, only the following cases are
possible for I(x), the set of inequalities saturated by a point z :

In the first 4 cases, (Vg;(z)|i € I(x)) contains 0 or 1 vector, so it is a linearly independent
family.

The other two cases are

(Vgi(z)|i € I(z)) = ((:;) , (_11>) which is linearly independent (the matrix is squa-
red and has determinant -3, so is invertible).

(Vgi(x)]i € I(z)) = (<_;> , (01>) which is linearly independent (the matrix is squa-
red and has determinant 1, so is invertible)..

We can deduce that any local (or global) minimum satisfies (KKT). However, f is convex
and the g; are convex (since they are linear), so any point that satisfies (KKT) is a global
minimum. Therefore, there is equivalence.

. We start at Py = G) We have I(z) = {2} et Vf(z) = @

We compute the projection L = {y| — y1 +y2 =0} :

i d = (1= "4 (4407 40 () = (02 02) - (22) = (20)
ouviayeL@ylzyg;doncd:ﬂ<}> et

(-Vf(x)-d=d*=> -28-88=p4*2=8=-5



-3
d # 0, Thus, we move as far as possible in the indicated direction. We denote S as the feasible
set.

We can check that d € L and that (=Vf(z)) —d = < 3 ) 1d,

ay = 151<ax{a\Po +a-de S}

1 -5«
_%135{&| (1 —5a> € S}

-3+ 15a< -1
= max } o 0<0
<o ~1+5a<0

—14+5a<0
15

az = arg min {g(a) = f(F+a-d)}

=arg min {(1 —5a)% +4(1 - 5a)*}

0<a<ai
_ ; _ 2
—argoglglénalﬁ(l S5a)”}
g'(a)=5-(=5)-2(1 —5a) <0
S a<l 1
)

Thus ¢'(«) is negative on [0, 1], so

We move t0$2P0+1—25d: (1?3)

We have I(z) = {1,2} et Vf(z) = (;?g)
We project on L = {y| —y1 + 92 = 0;—y1 — 2y» = 0} = {0}, donc d = 0. (We can also
recalculate the projection operator, which is the zero matrix).

We can then write —V f(x) as A1 Vg1 (z) + AaVga(z) = A\ (_;) + Ao (11).

— either by solving the system
— or with (A, -"A,)"1 - A, - (=Vf(z)) that gives \.
_ ~1/3 -1/3 10/9
Lt 1. = =
(A -"Ay) A, (_2/3 1/3 ) then A\ (_4/9>
We remove the constraint (2) from I(x). We compute the projection on L = {y| —y1 — 2y2 =

0}.
d=(I—"A; (Ay-"A,)71 - Ay) - (=Vf(z)) = (_O(')i 0?§4> ' (é@ = (_84/1155)

We can check that d € L and that (-=V f(z)) —d = (__162//55> 1ld



d # 6, thus, we move as far as possible in the indicated direction.

oy = 151<ax{a|P1 +a-de S}

o (43571 < 5)

1< -1
~12/150: < 0
=maxqal_y s 8150 <0
~1/3 +4/15a < 0
5
T4

az =arg min {g(a) = f(P1+a-d)}
=arg min {(1/3+ 8/15a)? + 4(1/3 — 4/15a)%}

_ 5
16
1/2
We move to z = Py + 35d = <1/4>
We still have I(z) = {1}.
We compute the projection on L = {y| — y; — 2y2 = 0}.

d=(I—-"As- (As-"A)7 Ay - (~Vf(x)) = (0(5?4 _()(.)é4> ' (_D B <8)

d=0 (since we are in 2D and the projection operator is non-zero, this simply means that the
gradient is orthogonal to the boundary we are on; therefore, its projection on the boundary
is zero).

We then write —V f(z) = <:;> as M Vgi(z) =\ <:;>
We have \; = 1.
All the \; are positive, so we stop and return the solution. (1/ 2)

1/4
1 Wewe 97 (42) 4 90 (12) =0t (12) =

Vi) + 3 \iVgi(z) =0
i=1
A1-gi(x) 0
we set A =1 et Ao, A3, A\ =0 A2 - ga(x) =0
A3 - g3(x) =0
Mg - ga(x) 0

(KKT) conditions are satisfied.

Exercice 2 — With equalities

Let (P) be the following problem :
T1+To+x3=4 (1)

max f(x) =x1-x2 s.c. {x1—x2+x4=1 (2)

z€ER?
T1,T2,T3,T4 Z 0
1.5
Same questions as exercice 1 except that the algorithm should be started from the point 2 ).
0



» Correction

(1)‘,_ /,4//‘/////

0 1
1.
We plotted the gradient on the drawing. The optimum is at (2, 2). The function is not convex,
but there is only one point satisfying the (KKT) conditions.
2. We can rewrite the problem as follows :
T+ To+x3 =4 (1)

m%}z f(x) =—x1 22 s.c. 1 —x2+x4=1 (2)
€
—x1,—Xa,—x3,—x4 < 0 (3)...(6)
1 1 1 0
1 -1 0 1
.. -1 0 0 0
The matrix is A = 0 -1 0 0
0 0 -1 0

0o o0 0 -1
We can be in one of the following cases :

— I(z)=10

— I(x) ={3}
— I(z) = {4}
— I(zx) = {5}

For example, we can check the linear independence in the last case directly. We then have

1 1 0 0

. 1 -1 0 0

the family of vectors it ol =11 o
0 1 0 -1

The associated square matrix has a determinant of -2, therefore it is invertible, hence the
family is linearly independent. Thus, the subfamilies are also linearly independent. The qua-
lification under linear independence is verified if I(z) C {5,6}.

3. Here are the main outlines of the algorithm, the method being the same as in the previous
exercise :



1.5

We start at 055
0
—0.5
We have V f(x) = _(1)'5
0

We have I(z) = {6}. We project on L = {ylys = O;y1 +y2 +y3 = 0;y1 —y2 +ya = 0} =
{ylys = 093 = —2y1501 = y2}-
1/3
1/3
—2/3
0
d# 0. We move following the direction = + ad. We find a; = ag = 3
2.5
1.5
0
0

-1.5
—-2.5
0
0

We have I(x) = {5,6}. There are 2 saturated inequalities and 2 equalities, so the space onto
which we project is necessarily {0} (because 1. we are projecting onto a space orthogonal to
a 4-dimensional space. Since we are in R?, this space has dimension 0, so it is {0}. 2. We
have Ag which is a square and invertible matrix. If we calculate the projection operator, we
will get the zero matrix.)

Thus we write =V f(x) as A\sVgs(z) + Ae¢Vygs(z) + 1 Vhi(z) + p2Vha(z). We find A5 = 2,
A6 = —0.5, 1 = 2, pz = —0.5. We remove 6 from I(x).

We have I(z) = {5}. We project on L = {ylys = 0;y1 + y2 + y3 = 0391 —y2 +y4 = 0} =

We find d =

We move to z =

We have Vf(z) =

-1/6
1/6
{ylys = 0;92 = —ysiya = yo/2}. Wefind d = |~
1/3
d# 0. We move with the direction d and we find oy = 15,0 =3
2
2
We move to x = 0
1
-2
—2
We have V f(z) = 0
0

We project onto the same space as before, I(x) has not changed and still equals {5}. We find
d=0.

Thus, we express —V f(z) in the form A\sVgs(x) + p1Vhi(x) + peVha(z). We find A5 = 2,
1 =2, uz = 0.

All the \; (here only A5) are positive. We stop here.

. The point satisfies (KKT) with Ay = Ay = A\¢ = 0 and A5 = 2, u1 = 2, o = 0. We cannot
deduce global optimality because the function is not convex. However, it can be noted that
this is the only feasible point that meets these conditions. Therefore, there is no other local
maximum in the feasible space. It is thus optimal.



Exercice 3 — Projection operator.

Given a vector g € R", we want to minimize the %Hg —pl||? where such that p € R™ and Ap = 0.
The size of the matrix A is m x n with rank m < n.
In other words, we search for the projection of g over the space {p\Ap = 0}.

1. Write and solve the (KKT) conditions for this problem.
2. This way, find the formula of the projection operator on the space L = {p\Ap = 0}.

» Correction

All the points satisfy the qualification of linear independence since the rank of the matrix is
m ; the local minima thus all satisfy KKT, and A*A is invertible.

1.
(KKT) {(gpru =0 (1)
Ap =0 (2)
A-(=(g—p)+"Ap) =0
—Ag+Ap+ AtApu=0
AtAuzAg
p=(A'A)""Ag

2. We rewrite (1)
—(g—p)+"AATA) T Ag =0
p=(I—-"A(A'A) T A) g

The function is convex, the equalities are linear, so (KKT) is sufficient to prove global optima-
lity ; p is indeed the projection of g onto L.



Exercice 4 — Non convex problem

We consider the following problem :

Given a rectangle of size 10 x 12, we want to place 4 disks, centered in each of the 4 vertices
of the rectangle such that the area is maximum and such that the interiors of the disks do not
intersect ; in other words, the disks may only touch the boundaries of the others.

For example, the following drawing contains a maximal feasible solution :

1. Modelize the problem as a mathematical program. We set ~ = /244 ~ 15.62.
2. Show that, if we apply the projected gradient algorithm from the point where every radius
is nul, the algorithm stops at the first iteration.

3. Show that, if we apply the projected gradient algorithm from the point given on the drawing
(we may assume that the radius of the two lower disks are equals), the algorithm stops at
the first iteration.

4. Show that those solutions are not optimal.

» Correction

1. We can write the problem in the following form, with x1,zs, 23,24 as the radii of the discs
with center 1 at the bottom left, 2 at the bottom right, 3 at the top right, and 4 at the top
left.

xr1 + Zo S 12

T+ w3 <y

1+ x4 <10

m%)zgf(a:) =2 + 23+ 23+ 23 s.c. x2 + 23 < 10
e
Tot+ x4 <7y

T3+ x4 <12

T, T2, 23,24 = 0
We can rewrite it that way :
1+ <12 (1)
r1tx3 <7y (2)
1 +x4 <10 (3)
7prel]iR]% f(z) = —2% —23 — 2% — 23 s.c. xo+23<10 (4)
ra+x4 <y (5)
x3+ x4 <12 (6)
—x1,—xa, —x3,—x4 < 0 (7),(8),(9),(10)
2. Note : This point is a local maximum, so the gradient is zero, and the algorithm will neces-
sarily stop.
If 2 = 0, then we have I(z) = {7,8,9,10}. We calculate the projection onto L = {y| —y1 =
—y2=—y3=—ys =0} =0.




Alternatively, the matrix A, is —I, so *A, - (As-"A,)~- A, = I, thus the projection operator
is the zero matrix.
Another method, the gradient is zero, so its projection is also zero.

0
10
Thus, we express —V f(z) = 8 in the form > A\;Vg;(z). We have trivially A; = 0 for all
i=7
0

%, SO we stop.
3. On the figure, we deduce the radiuses as follows
Tty =12 (1)

x1+x4 =10 (3) with 21 = 22 and z3 = z4.
T2 + T3 =10 (4)
xI1 =6
Then r2 =0
T3 =4
Tq =4
—12
Then Vf(x) = :182
-8
1 1 0 0
We have I(z) ={1,3,4} et A ;=1 0 0 1
0 1 1 0

0.25 -0.25 0.25 —-0.25
—-0.25 0.25 —-0.25 0.25
0.25 —-0.25 —-0.25 0.25
—-0.25 0.25 0.25 —0.25

Then d = (I — Ay - (As - 'A,) "1+ A,) - (=V f(x)) = 0.

I— tAs . (As . tAs)_l : AS =

1 1 0
. 1 0 1
So we write —Vf(z)as . A\Vgi(z) =X\ + A3 + M\
i=1,3,4 0 0 1
0 1 0
A+ A3 =12
Then M+ =12
4 =4
A3 4
So )\1 =8
All the \; are positive, so we stop and return the solution.
4. These two solutions are not optimal.
The first has a value of 0 and the second -104.
10
For example, the solution = = 5 E 10 has a value of -135.59.
0

Exercice 5 — Projection and standard form

We consider the following programs :

T1+ T2 > 2
min f(z) = 2% + 22 s.c. 1 >0
zER?

i) 2 0



1+ a9 —x3 =2

I ZO

: 2 2

min f(xr) =x7 + x5 s.c.

min f(z) = i + 23 2y >0
I3 20

1. Show that the two programs are equivalent. (They have the same optimal value and every
optimal solution of hte first program can be deduced from an optimal solution of the other.)

2. Draw the graphical representation of the two programs on the same drawing.

3. Show that if we apply an iteration of the projected gradient algorithm on the first program
from the point z = (3, 2), the direction we follow is (—6,—4).

4. Show that if we apply an iteration of the projected gradient algorithm on the second program
from the point z = (3,2, 3), the direction we follow is (—8/3,—-2/3, —10/3).

5. How can we explain that two equivalent programs do not follow the same direction on the
drawing ?

» Correction

1. They are equivalent since, if there exists (x1,z2) a feasible solution to the first problem, then
(21,29, 21 + 22 — 2) is a solution to the second one with the same objective value. Similarly,
if (x1,22,x3) is a solution to the first problem, then 21 + 22 = 2+ x5 > 2, so (r1,22) is a
solution to the first program with the same objective value.

T2

Siv
I| o

I

0
3. In the first program, at the point (3,2), I(z) = (), we project onto R?, thus d = -V f(x) =

—2.’L‘1 o —6
—2]}2 - —4
4. In the second program, at the point (3,2, —3) we have I(z) = () but we have an equality.

Therefore, we project onto the space L = {y|y1 + y2 — y3 = 0}.
Using the projection operator, we have Ag = (1 1 —1) 150 PL=1-"Ag-(Ag-"Ag)™"-

2/3 —1/3 1/3 —6 —8/3
As=|-1/3 2/3 1/3| doncd=PL-|—-4|={ —2/3
/3 1/3 2/3 0 ~10/3

5. This can be explained by the fact that the projection operator is not equivalent in the two
programs. In the second program, we project onto a slightly different space than in the first.

Indeed, in the first program, we project onto L; = {y € R?} = {<zl)} and in the second
2

Y1
one, onto Ly = {yly1 + y2 —y3 =0} = Y2
Y1 +y2 — 2
One can see that the first is, in a way, included in the second ; since one is free to choose any
coordinates y; and yo in Lo. However, the non-free existence of this third coordinate means
that the point closest to the gradient of f in Lo does not have exactly the same first two
coordinates, it is slightly deviated.

There are, however, points where the projection does indeed contain —V f(x).

10



(&% —Q

These are the points where x1 = z5. The gradient then has the form | a | et PL- | —a | =
0 0
—
—
—2a

This difference can be explained differently. Instead of making the drawing in 2D, it should
be done in 3D. We are in the plane P = {z3 = z1 + 2o — 2}. This plane is tilted. If the
gradient has the first two coordinates equal, then, as explained earlier, the projection also
has its first two coordinates equal, so we are indeed following the same direction in both
programs.

Conversely, if these coordinates are different, then the gradient is not in the direction of
descent, and when projected onto the plane, the projection deviates a bit. The farther we
move away from the line 1 = x5, the more the projection deviates.

4
3 /
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1 —
0
0 1 2 3 4
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